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Abstract

Relations between objects are basic mathematical concepts, so calculus and equations of relations are important. One of our final goal is to reconstruct proofs of
mathematics using relational calculus and to provide formal proofs using our library. As the first step, we made a library for relational calculus using “Coq”, which is one of the
proof assistants. We defined operators and notations of relational equations, and proved various lemmas of relations. Then we implemented automatic proving procedures
(tactics) for relational calculus, which is especially useful for lemmas about functions.
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Introduction Proof using relational calculus
We use many equations of numbers But... ‘Theorem 1 : If f :X—Yandg: Y~ Zare functions, then f = gis also a function. }
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N : f relations| f we formulate this by using relational equation,
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for a long while. We can prove it as follows.
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Therefore, we tried to implement a “Relational Calculus Library”. 578
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What is relation? This proof using some basic lemmas is so simple

Let A and B be two sets. that we can implement automatic proving procedures.

- We define “relation fromAtoB” as A x B — {0,1}.

Tactics (procedures to assist automated proving)
- We use the notation “A — B” as a relation.

- We also implemented tac Rel_simpll i=
* If there is a “connection” ina: A~ B ) . Rel_simpl_intro;
. e ol £ A and that of “tactics” for relational ratch goal with e
v _|l-_<€ _ ] =>app inc luge
etween the element o and that o B, Example 1 - CaICUIUS. I { ' -||“(- - )] =>(app){y :i | 1 .
I it 1 s - e (o => apply composite_include
then the return value is 1. If nOt’ itis 0. o = {(1, )O, (1, Y), (1, @, . . | s _|-( + )€ _1= apply compoZite_include_left_a_id
y TGCUCS are aUtomath | [_: _|-_€ (_ * _) ] = apply composite_include_left_id_a
* We can regard a : A — B as a subset of A x B; (3,X),(3,2)}. : | i _ |- (__+ D) €_1 = apply composite_include_right_b_id
prOVIrIg prOCEdures Of | [_: _|-_¢ (_ )]l = apply composite_include_right_id_b
O = {(Cl,b) e Ax Bl a(a,b) = 1} i ) ) | [H: _c_, Ho S _|-_<_ ] = apply (include_include H He)
Coq and |tS source COde IS | [ H: (Id _) € H@ S (Id ) I'— _ ] = rewrite (include_equal H H@)
. lation A — B is a subset of A x B, the inclusion of relation, union and h i £ - E S G0 o oy aciuta imere
AS Cl UAEIL ! ¢ shown on (Flgure 1) | [ : |- _ ] => rewrite composite_composited4
d

intersection of them are available as usual and denoted by L, U, and 1, respectively. end.
* Some easy theorems can

be proved just using

Operators and constants tactics (Figure 3). %oublesome... J

Theorem function_composite_rel

Figure 1 : A sample code of a tactic.

{XY Z : eqType}{f : Rel X Y}{g : Rel Y Z}:
IdXc (f « (f#))/\((f#) « f)CcIdY — .
IdYC (g - (g#) /\ ((g#) - g C1dZ-> & Figure 2 : The proof of
Id X< ((f « g) « ((f + q) #)) /\ (((f « q) #) +« (f * g)) € 1Id Z. . . .
Proof. Theorem 1 without using tactics.
i . # elim => H HO.
inverse relation o' ={(b,a) EBxAl(a,b)E a} elin = H1 H. . .
— split. J Figure 3 : The same proof with a
a# A B rewrite composite_inverse composite_composited.
apply (include_include H). tacﬁc
apply (composite_include_left_right_id_b H1). :
( alpha # ) rewrite composite_inverse composite_composited4. Theorem function composite rel tactic Ve ry easy! }
apply (fun H' = %nclude_includf.e H' H2).. XY Z : equpe?{f p Rel X Y}fg . Rel Y Z}:
apgly (composite_include_left_right_b_id H@). Id X C '(f U #))'/\ ((f #) - ' f) C 1d Y.—>
Qed. IdYC (g - (g#) /\ ((g#) - g) S1dZ -
Id X< ((f = g) « ((f « q) #)) /\ (((f « q) #) +« (f * qg)) € 1Id Z.
Proof.
Rel_simpl2.
Qed.
composite
a-"p

Future works

- To organize the levels of axioms and propositions.
* Improvement of the tactics for relational calculus. W

* Applications to automaton theory. 'J” e

(alpha = beta)

identity_relation d =
y V- id, - {(a,a) S AXx A} - To prove the properties of the problems
A

formulated in relational equations. Figure 4 : Automaton.

(Id A)
- To reform other mathematical theories using relational equations.
Id is the identity element of composite operation. References
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- We can define this by using relational equation as follows;
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[”fisafunction”©idXE f-f#/\f#-fEidy.} A
- We can also define surjection and injection.
P
“fis asurjection”<id, C f"- fA“fisa function” }

“fis an injection”< f - f" Cid, A“f is a function”
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id is always a function.



